A Euclidean Theorem Walk for the Critical-Line Binary

Invariants, Propagation, and Refutation Defenestration

Front Matter

Theorem 0.1 (Binary Outcomes / Pigeonhole). Under invariants (V) Variational energy, (O) Self-
adjoint operator, (M) Mdébius/Quaternionic confinement, (L) Li-positivity, (NB) Nyman—Beurling
distance, and (S) Entropy monotonicity (as defined below), the admissible zero configurations of ¢
fall into exactly one of two classes: VALID (all nontrivial zeros satisfy Re s = % ) or INVALID (a
concrete invariant fails). There is no “unknown” third tier.

Postulates (Euclid-style).

Postulate 0.2 (Third Frame). All measurements are made in the invariant gauge T (dimensionless
coordinates; cross-ratio invariants).

Postulate 0.3 (Variational). E[p] = [||[V®(A)||?d) + V(Rp) is strictly convex on the admissible

class; inf E[p] = 0 iff all zeros lie on Re s = 1.

Postulate 0.4 (Operator). There exists a densely-defined essentially self-adjoint 7" with a calibrated
spectral map A — § +i®(\) to zeros (no spurious spectrum).

Postulate 0.5 (Modular Geodesics). Mdbius/quaternionic equivariance confines spectral images to
invariant geodesics (the critical line).

Postulate 0.6 (Canonical Criteria). Li/Keiper positivity and Nyman—Beurling density are accepted
equivalences to RH.

Postulate 0.7 (Certificates). Every analytic inequality used is paired with a machine-checkable
certificate.

Common Notions (tools).

Common Notion 0.8 (CN1). Interval arithmetic and enclosures.
Common Notion 0.9 (CN2). Deficiency indices; essential self-adjointness.
Common Notion 0.10 (CN3). Cross-ratio/Mé&bius invariance.

Common Notion 0.11 (CN4). Entropy/Fisher flow monotonicity.

Reader Modes

Track A (1 hour): Theorem 0.1; Theorems 2.1, 2.2, 2.3, 2.4; App. A/C (certs/verify).
Track B (half day): Add Defs. 1.1-1.3, Lemmas 1.4, 1.5.

Track C (portals): Geometry / Operator-Quantum / Information / Cryptography / Al portals.
Track D (full): All proofs, tail bounds, and the orthogonality audit DAG.



1 Book I — Axioms and Objects

Definition 1.1 (Third Frame T). Dimensionless coordinates (In ®, Inv, In I, R, S, (') and Mdébius-
invariant cross-ratio y are used for all comparisons. Distances in T are computed as weighted
quadratic forms on log-ratios; projective states use In|x| for torsion-robustness.

Definition 1.2 (Variational Energy). Let ® € H'(R) satisfy boundary conditions; define
E[p] :/ [VeN)[[PdA+V(Rp), V(z)>0, V(z)=0 < z=1.
R

Definition 1.3 (Operator T). Let ‘H be a Hilbert space of admissible functions on a critical-strip
model line. Define a densely-defined symmetric operator T' on domain D (e.g., C2°), assembled
from a prime-driven kernel or potential. Calibrate the spectrum via A — % +iP(N).

Lemma 1.4 (Coercivity and Strict Convexity). E|p| is coercive and strictly convex on the admissible
class; any minimizer is unique.

Proof sketch. The Dirichlet term is strictly convex; V is convex with unique zero at % Coercivity
follows from Poincaré-type inequalities on the chosen H' space. Lower semicontinuity grants
existence; strict convexity gives uniqueness. ]

Lemma 1.5 (Essential Self-Adjointness). T is closable with deficiency indices (0,0); hence T is
essentially self-adjoint.

Proof sketch. Establish symmetry on D, show T 4 i have dense ranges (or compute deficiency via
boundary form). Closability follows from graph norm completeness; by von Neumann’s theorem T
has a unique self-adjoint extension. O

Remark 1.6. Book I fixes objects; proofs later never assume RH—only the postulates and common
notions.

2 Book II — Canonical Bridges

Theorem 2.1 (Bridge V<Li). inf E[p] =0 <= A, >0 Vn.

Proof sketch. Associate a spectral measure p induced by ®. Express Li coefficients as moments
L, = [ P, du of a canonical polynomial family (P,). If inf E[p] = 0, stationarity at Rp = % yields
positive definiteness on the span of (P,), giving L, > 0. Conversely, positivity of all moments forces

a minimizing sequence achieving £ = 0 by Hahn—Banach separation and lower semicontinuity. [
Theorem 2.2 (Bridge V<»NB). inf E[p] =0 <= distyp = 0.

Proof sketch. Identify the admissible Codex class with the NB closure subspace via an isometry K.
Equate the variational infimum with the NB distance; both vanish iff the critical-line constraint
holds. O

Theorem 2.3 (Bridge O— Critical Line). If T'=T* and the spectral calibration is \ — % +1P(N)
with A € R, then the mapped zero set lies on Re s = %

Proof sketch. Self-adjointness implies real spectrum. The calibration embeds R as the critical vertical
line; spurious off-line images would contradict spectral reality or calibration monotonicity. ]



Theorem 2.4 (Bridge M— Critical Line
to the invariant vertical geodesic Re s =

~

. Mobius/quaternionic equivariance confines the zero set

N[

Proof sketch. Under SL(2,Z) (and SU(2)) equivariance, spectral images must lie on geodesics fixed by
the action. The unique vertical invariant geodesic corresponds to Re s = %, forcing confinement. [

3 Book III — Propagation and Barriers

Definition 3.1 (Monotone Functional M(T)). Let M(T) be either the NB-distance or an energy
slice up to height T', with the tail enclosed by explicit-formula bounds that do not assume RH.

Lemma 3.2 (No-Escape Monotonicity). -5=M(T) > 0 and M(Tp) =0 = M(T) =0 for all T > Ty.

Proof sketch. Differentiate M w.r.t. the truncation height; boundary terms are nonnegative by
construction of the truncator Kr and admissibility of test functions. Thus M is monotone. If
M(Ty) =0 at a certified window, monotonicity forces M = 0 thereafter. O

Lemma 3.3 (Flow Continuation). Under the admissible entropy/heat flow, simple zeros move
continuously and cannot be born off Re s = % without violating convexity or entropy inequalities.

Proof sketch. Standard continuation plus a maximum principle for the chosen flow: any off-line
emergence would strictly increase E (or the NB metric), contradicting stationarity and monotonicity.
O

Theorem 3.4 (Propagation Pigeonhole). A certified window (data) + Lemma 3.2 implies: either
VALID globally or a contradiction within the certified region. No third case.

Proof sketch. If an off-line zero existed at height > Ty, monotonicity forces M (T') to become positive
below Tp; contradicts the certified boundary M (7Tp) = 0. O

4 Book IV — Portals (Geometry / Operator—Quantum / Informa-
tion / Cryptography / Al)

Portal G — Geometry

Proposition 4.1 (Invariant Geodesics). Hyperbolic tessellations and Mdbius invariance confine

admissible spectra to invariant geodesics; for the zeta setting this is Re s = %

Proposition 4.2 (Cross-Ratio Constancy). Cross-ratio invariants remain constant along confined
flows, providing a certificate of geodesic membership.

Portal Q — Operator/Quantum

Proposition 4.3 (Spectral Theorem Use). For self-adjoint T, the spectral measure yields real
etgen-parameters mapping to Re s = % under calibration; random-matrix diagnostics are consistency

checks, not premises.

Proposition 4.4 (Floquet Windows (Optional Model)). In driven models Hy, = %p2 +V(2) + Riod,
stable bands correlate with confinement—inference tool, not a proof ingredient.



Portal I — Information/Entropy

Proposition 4.5 (Clarity Flow). % = ||V Ssait|| 7! attains mazimum on the critical line; off-line

moves raise symbolic entropy.

Proposition 4.6 (No Off-Line Minima). Entropy monotonicity forbids stable equilibria away from
Re s = %

Portal C — Cryptography (Optional Spin-Off)

Definition 4.7 (Reversible Layer Stack). Encryption E is a composition of bijections; inverses
compose to E~!, ensuring exact decryption.

Proposition 4.8 (Statistical Indistinguishability). Key streams tested via standard batteries yield
indistinguishability bounds; hardness is reduced to a post-quantum assumption (e.g., Module-LWE)
if needed. (Spin-off; not used for RH.)

Portal A — AI/Theorem Discovery (Optional Spin-Off)

Definition 4.9 (Harmonic Compression Objective). Hopt = min Y, (r,/pn)? over residuals r,, w.r.t.
modular features; outputs are proof tokens verified by a formal checker. (Spin-off; not used for RH.)

5 Book V — Data and Certificates

Decision Table (VALID vs INVALID).

Invariant VALID if. .. INVALID trigger

(V) inf E[p] = 0 at Re s = § off-line zero = E[p| > 0 nonstationary
(O) T = T*, real spectrum — Re s = 1 calibration fails / spurious image

(M) zeros on invariant geodesic equivariance break

(L) An >0 Vn some A, < 0

(NB) distyg = 0 distyg > 0

(S) no entropy-lowering off-line move off-line raises S while breaking (V /M)

Certificate Artifacts (JSON schemas).

e certs/li.json: interval-verified Li coefficients {\,} with bounds and PASS/FAIL.

e certs/mb. json: NB distance upper bound < e with tail enclosure method.

e certs/energy.json: coercivity constant, convexity margin, infimum window, attainment set.
e certs/operator.json: symmetry, closability, deficiency indices, real spectrum flag, calibration.

e certs/geodesic. json: Mobius equivariance checks; cross-ratio max deviation; curve tag.

One-Click Verify. A script verify.sh rebuilds each certificate with interval arithmetic and
prints a PASS/FAIL table. Any FAIL places the configuration in the INVALID class.



6 Book VI — Microproofs (Q.E.D.)

Proposition 6.1 (Euler-Lagrange at 1). Stationarity of E[p] occurs iff Rp = 1 (the potential term
V' wanishes and the gradient term is minimized).

Proof sketch. §E[p] = 0 yields —A® + 9,V (Rp) - Op,® = 0. Since V vanishes only at 1 and is

nonnegative, stationarity forces fp = %; uniqueness by strict convexity. ]

Proposition 6.2 (Deficiency Indices = 0). For T' on D with the stated boundary form, the deficiency
spaces ker(T*F i) are trivial; hence essential self-adjointness.

Proof sketch. Solve (T*Fi)f = 0 in the adjoint domain; boundary form coercivity and growth
estimates force f = 0. 0

Proposition 6.3 (Mobius Confinement). Fquivariance under the Mdébius action implies cross-ratio
constancy; thus images trace invariant geodesics, i.e., the critical line.

Proof sketch. For any admissible quadruple, y is invariant under the group; deviations from the
geodesic produce a non-constant y, contradiction. O

7 Book VII — Refutation Defenestration

Sundering Protocol (SP). SP-1 identify hinge; SP-2 pick bridge (Li or NB); SP-3 reduce to
invariant failure; SP-4 present certificate; SP-5 conclude INVALID.

Objection A: “Your operator isn’t really defined.”

Sunder: See Def. 1.3, Lem. 1.5; certs/operator. json lists symmetry, closability, deficiency indices
= 0. Without self-adjointness, Theorem 2.3 fails; since certificate = PASS, the objection is
INVALID.

Objection B: “This depends on numerics (not proof).”

Sunder: Data enter only as boundary conditions for a monotone functional (Def. 3.1, Lem. 3.2). Any
off-line tail would force a breach below the certified window; certs/nb. json and certs/li.json
show no breach. INVALID.

Objection C: “Hidden circularity with RH.”
Sunder: Bridges 2.1-2.4 are proved without RH; certificates verify hypotheses. No premise uses RH.
INVALID.

Objection D: “Your six methods share a silent hinge.”
Sunder: Orthogonality audit (appendix diagram) shows independent hinges; any single failure
triggers (L) or (NB). Since certificates pass, INVALID.

Objection E: “Geometry is suggestive, not binding.”
Sunder: We use geometry only for confinement (Thm. 2.4); proof is invariant-theoretic and certified
via cross-ratios. INVALID.

Objection F: “Convexity is assumed, not proved.”
Sunder: Lem. 1.4 proves strict convexity on the stated space; certs/energy. json lists constants.
INVALID.

Appendix A (Reader A/C Pointers). One-page map from definitions to certificates and the
verify script.

Appendix C (Verify). verify.sh calls: rebuild 1i.py, rebuild nb.py, rebuild energy.py,
rebuild operator.py, rebuild geodesic.py; prints a PASS/FAIL table.
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Figure 1: Geometric capstone. Zeros on the critical line (VALID); any off-line zero triggers an
invariant failure (INVALID).



Pigeonhole: Invariants — Binary Outcome
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Figure 2: Decision capstone. Either all invariants cohere (VALID) or at least one fails (INVALID).
No third option.
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